ABSTRACT A recursive decentralized control scheme is presented for the trajectory tracking issue of flexible space manipulator. In the traditional decentralized control for manipulators, each link in the manipulator is viewed as an isolated second-order subsystem. Its interconnections with other links are viewed as disturbances. As a consequence, the obtained decentralized control has a simple structure but lacks high control performance. In this paper, the manipulator is considered as a set of connected secondorder subsystems. The interconnections between two adjacent links are revealed by the recursive kinematics and dynamics. In such a manner, the nominal value of the interaction forces is constructed and used for compensation to improve the tracking accuracy. Then, decentralized control is devised for each link to achieve trajectory tracking and vibration suppression of the flexible manipulator. The actuators are chosen as the joint motors and the distributed force or torque actuators on the flexible links. Under the assumption that the modal information of the flexible links is obtainable by the modal filter technique, an adaptive term in the controller is deduced for estimating the bound of the model uncertainties. Moreover, a steering logic is devised for the actuators to produce the required control. The obtained controller inherits the simple structure of the decentralized control and also achieves a higher tracking performance. The numerical examples of a free flying flexible manipulator are given to illustrate the effectiveness of the proposed control scheme.
I. INTRODUCTION
Flexible manipulators have been widely used in space missions, such as on-orbit assembly, inspection, and collection of space debris. They are characterized by long and lightweight links aiming for less power consumption and larger workspace. Hence, the links would exhibit significant structural flexibility, which reduces the pointing and positioning accuracy of the end effector. Therefore, a great deal of attention has been attracted to the control issue of flexible space manipulators. Normally, the links in the manipulator are serially connected by revolute joints where drive motors are embedded in, thus the control of the manipulators can be divided into two steps. First, the trajectory of the end effector is designed for a particular task, followed by solving for the desired joints trajectories to ensure the end effector moving as prescribed. Second, the trajectory tracking controller should
The associate editor coordinating the review of this manuscript and approving it for publication was Zheng H. Zhu. be formulated to enforce each joints rotating along the desired trajectories. In this work, we focus on the controller design for the trajectory tracking of the flexible space manipulator. Special attentions are paid to make the controller of simple structure, low-computational cost, and high tracking accuracy.
The literature has shown many different approaches to this issue, such as dynamic inversion control [1] , [2] , singular perturbation method [3] , passivity based control [4] , adaptive control [5] , fuzzy control [6] , [7] , slide mode control [8] , and so on. Besides the various control logics, several new types of actuators have also been considered to be mounted at the flexible links for vibration suppression, such as piezoelectric materials [9] , [10] , torque actuators [11] - [13] and control moments gyros [14] , [15] . However, most of the above controls are in a standard centralized form. That is to say, all the control inputs for the flexible manipulator are calculated by a single central controller, based on the Euler-Lagrange equation of the system in the multi-input/multi-output form, M (x)ẍ + C(x,ẋ)ẋ + d = t, where x ∈ R n contains the generalized coordinates of the rigid motion and the flexible vibration, n is the number of the degrees of freedom; M (x) ∈ R n×n is the inertia matrix; C(x,ẋ)ẋ ∈ R n signifies the Coriolis and centrifugal forces; d contains all the unmodelled dynamics and disturbances; t represents the control inputs. The centralized controllers depend on the accurate model of the manipulator. They are not suitable for real-time implementation, since the system dynamics need to be solved online or stored for the offline results along the trajectory. To overcome this issue, the decentralized control for manipulators have been proposed [16] - [19] .
In the decentralized control, the governing equation M (x)ẍ + C(x,ẋ)ẋ + d = t is viewed as a set of interconnected second-order single-input/single-output (SISO) subsystems. All the interconnections of a SISO subsystem with the others are handled as disturbances. This treatment leads to the reduction of computational effort and the simplicity of implementation. Therefore, the decentralized proportionalderivative (PD) control is still the most adopted strategy for the rigid industrial robots [16] . The decentralized control for flexible manipulator has also been developed [17] - [19] . Bona and Li [17] proposed an adaptive decentralized control of a 4 degrees-of-freedom (DOFs) flexible manipulator, where disturbance estimation and rejection techniques are used to make the controller do not rely on the exact knowledge of the dynamics. Li et al. [18] formulated a decentralized controller based on the linear quadratic regulator theory for a flexible manipulator on a flexible base. Henikl et al. [19] investigated a modular decentralized control strategy in the infinite-dimensional setting for a large-scale flexible manipulator with hydraulic actuation. It should be noted that, the entire manipulator is viewed as an interconnection of multiple subsystems in the decentralized control. Each subsystem contains a joint and its corresponding actuated link, whereas all the interconnections between the subsystems are treated as disturbances. This treatment simplifies the structure of the controller, but it leads to large model uncertainties to be handled by the control system. As a consequence, compared with the centralized control strategy basing the accurate system model, the decentralized one would exhibit lower control performance.
In order to improve the tracking accuracy of the flexible manipulator, Fareh and Saad [20] proposed an adaptive distributed control strategy for n-serial-flexible-link manipulators. The control in [20] is designed from the last subsystem proceeding backwards until the first one, on the assumption that when each subsystem is controlled, the remaining subsystems are stable and following their desired trajectories. However, the centralized dynamics for the system is still needed in the calculation of the controller [20] . Recently, a compromise between the centralized and decentralized controls-recursive decentralized control was proposed for rigid space manipulators [21] . It combines the recursive algorithm for dynamics modeling of rigid manipulators and the decentralized control. The nominal part of the interconnections between two adjacent links are calculated by the recursive algorithm and compensated in the decentralized controller. A distinct improvement in the tracking accuracy of the joint trajectory can be observed. We further extend the approach in [21] to flexible manipulators in this paper. The major contribution can be concluded as a recursive decentralized control for trajectory tracking and vibration suppression of flexible space manipulators.
The feature of the proposed controller is twofold. Firstly, the controller is formulated based on the recursive dynamic model of the system, so the centralized dynamics is not required. This leads to high computational efficiency of the controller, thus make it amendable for real-time application. Secondly, the flexibilities of the links are incorporated in the recursive model and handled in the decentralized control. The interconnection between two adjacent links are estimated using the recursive dynamics of the system, and then compensated in the designed decentralized control strategy. The formulations in this manuscript follow the method in [21] . However, two specific considerations were made for simultaneously achieving trajectory tracking and vibration suppression,. For one thing, the flexible vibration was considered by the incorporating the structural modes in the dynamic modeling. For another thing, in order to provide active modal forces for vibration suppression, it is assumed that the actuators for the flexible manipulator are the joint motors and the distributed actuators on the flexible links. The output of the controller is a generalized control for the system. Thus, a steering logic for these actuators is further designed to give the actual output of each actuator.
The remainder of the paper is arranged as follows: The system description and control issue are stated in Section II. Section III introduces the recursive dynamics of the space flexible manipulator. Then the recursive decentralized controller and the steering logic for the actuators are developed in Section IV. Section V illustrates the effectiveness of the proposed controller by numerical examples of a free-flying space manipulator. Finally, Section VI gives the conclusions.
II. SYSTEM DESCRIPTION AND CONTROL PROBLEM STATEMENT
A space manipulator system ( Fig. 1) with N links is considered. The bodies can be arbitrarily numbered as shown in Fig. 1 . Each body B j is connected to B c(j) by joint j (depicted by a cycle). The character B is short for Body, whereas the subscript c(j) indicates B c(j) is the inboard body of B j [22] . The spacecraft platform is numbered 0; it is connected to the inertial frame by a virtual joint with 6 degrees of freedom (DOFs). The spacecraft platform is view as a rigid body, whereas the links are treated as flexible bodies going through small flexible deformations. Assumed mode method [23] is adopted to describe the elastic displacements of the link, where d m,j ∈ R 3×1 is the deformation of an elementary mass dm in a flexible body B j relative to its own body attached reference frame; T m,j ∈ R 3×k j is the translational modal vector of dm, k j is the number of the mode shapes selected to approximate the flexible link; τ j ∈ R k j ×1 is the modal coordinate of B j . The generalized speeds describing the system motion are choosen as
where v 0 and ω 0 are the inertial velocity and angular velocity of B 0 ; u j , (j = 1, . . . , N ) represents the relative motion at joint j. Take a revolute joint as an example, u j =θ j , where θ j is the corresponding relative rotation angle. The superscript T denotes the transpose of a matrix.
Consider the attitude stabilization and the trajectory tracking control of the flexible space manipulator, the control input for the system is denoted as
where 0 1×3 indicates the control force for the translation of B 0 is zero; f 0 is the control torques with respect to ω 0 . f j , (j = 1, . . . , N ) are composed of the rigid control forces and the active modal forces for flexible vibration,
In most studies, it is assumed that there exists no active modal forces, sof f j = 0. However, in recent years, various distributed actuators are proposed for active vibration suppression for flexible structures, such as distributed piezoelectric materials [9] , [10] , micro thrusters [24] , [25] , and small angular momentum exchange devices [26] , [27] . These actuators can exerted forces or torques on the structure, which leads to active control forces for the modal coordinates. Therefore, we assumef f j = 0 in the controller formulation. The control target is designing the control forces f c in Eq. (3) to drive the system following the desired trajectory, viz,
where u d is the desired generalized speeds; x and x d are the corresponding generalized coordinates for u and u d , respectively. The architecture of the proposed recursive decentralized control is illustrated in Fig. 2 . For each body, a controller is designed to calculate the required control. Communication is allowed between two adjacent bodies. Based on the communicated information, the nominal part of the interactive forces and torques at each joints could be obtained through the recursive dynamic model. Then these interactive forces and torques are compensated in the controller for better control performance. In what follows, the interactions between two adjacent bodies would be revealed by the equations of motion in a recursive form, based on which, a decentralized controller can be designed.
III. RECURSIVE DYNAMIC MODEL OF SPACE FLEXIBLE MANIPULATORS
Recursive formulations for dynamics of flexible multibody systems provide an efficient approach for establishing the system governing equations, therefore, a great amount of research has been devoted to this method [22] , [28] - [31] . The basic idea of the recursive formulations is that, by analyzing the recursive kinematics and dynamics of two adjacent bodies, the responses of the multibody system can be obtained recursively. Compared with the Euler-Lagrange equation
whose required arithmetic operations for solving for the system motion grow cubically with the system DOFs), the computational cost of the recursive formulations is reduced to Order-N. Consequently, it can be anticipated that, if the controller is formulated based on the recursive dynamic model of the system, the desired control input could also be calculated with less computational cost.
A. RECURSIVE KINEMATICS
Consider two flexible links (Fig. 3 ) in a space manipulator. Body reference frames F c(j) and F j are fixed to points P c (j) and P j , respectively. The symbol F represents a reference frame. On point Q c(j) , An additional body fixed frame F Qc(j) is attached. The relative motion at joint j is characterized by the allowed motion between F Qc(j) and F j . The recursive relation for the velocities and angular velocities of F c(j) and F j is written as
where
, and τ c(j) are the inertial velocity, inertial angular velocity, and modal coordinates of B c(j) , whereas v j , ω j , and τ j are the counterparts for B j . W j is the kinematical propagation matrix,
and R Q,c(j) are the translational and rotational modal vector for point Q c(j) .P jūj in Eq. (5) represents the relative velocity and angular velocity at joint j. u j is chosen asū
where u j has been given in Eq. (2);P j is defined as
where P j is the projection vector characterizing the joint motion; I k j is a unity matrix with dimension k j . If joint j is a revolute one, then
is the unit vector expressed in F j to characterize the joint. A symbol with a tilde in Eq. (6) signifies the cross-product matrix associated with the 3 × 1 column matrix.
Differentiate Eq. (5) with respect to time, we have the recursive kinematics about the accelerations,
whereV j0 +P juj is the linear part of the derivatives of the generalized speeds;V j0 is related with all the inboard bodies of B j , whereasP juj relates with B j ,
V jt in Eq. (9) is the nonlinear part of u. It can also be expressed in a recursive manner,
B. RECURSIVE DYNAMICS
Suppose B j is the end effector of the manipulator, which means it does not have any outboard bodies. The equations of motion of B j can be written as
where M j 1 is the constant mass matrix of the flexible link B j [31] ; X j contains the Coriolis and centrifugal forces; The coefficient matrix for F j -the forces and torques exerted on point P j is given by
where 0 6×k j indicates that cantilevered modes are utilized to discretize the flexible link B j . F Pj is composed of the nonworking constraint forces and the active control forces f j of the joint motors. Combining Eqs. (9) and (12), we have
where (14) byP T j , we could eliminate the non-working constraint forces. Then the differentiation of the generalized speeds is obtained aṡ
1P j is the effective inertia of B j . Then substitute Eq. (15) back to Eq. (14), F j can be written as
Now, consider the inboard body of B j . It is subjected to the forces and torques F c(j) on points P c(j) by its own inboard body, and the forces and torques
. Then, the equations of motion of B j are written as
where the coefficient matrix for F Qc(j) is defined as
Substituting (17), and using Eqs. (9) and (16), it yields
where the following updates have been made
Comparing Eq. (19) with Eq. (14), it is obvious that B c(j) has the same dynamics with B j . Therefore, the formulations from Eq. (12) to Eq. (19) can be repeatedly performed to the base body. Then, the expression ofu 0 is written aṡ
0 H 0 f 0 , which can be numerically calculated. Subsequently, the motion of other bodies can be solved using the recursive kinematics.
C. DISCUSSIONS ON THE EQUATIONS OF MOTION
Remark 1: The equations of motion of the flexible multibody system has been written in a decentralized form,
u j is the rigid motion of B j relative to B c(j) , whereasτ j is the flexible motion of B j . Normally, it is anticipated that u j tracks the desired trajectory, while τ j anḋ τ j is suppressed to zero.
Remark 2: Based on the recursive kinematics and dynamics, it is found that the interactions among the bodies are embedded in Eq. (21) Lemma 1: Denote the generalized coordinate forū j by x j ,
Following the same method in [21] , Lemma 1 can be proved by induction method. Using the recursive kinematics in Eqs. (9) and (10),V j0 for the base body B 0 can be written as Eq. (22), then consider B o(j) -the outboard body of B j , the relation in Eq. (22) also exists. More details can be found in Eq. (20) in [21] . Substitute Eq. (22) into Eq. (21), we have
where (25) where (18),
where l 
IV. RECURSIVE DECENTRALIZED ROBUST CONTROL
In the following, the control force f j , f 1) ), the modal coordinates and rates should be extracted from the distributed measurements of actual displacements and velocities to implement a feedback control. Various ways of extracting the modal coordinates from the system output have been proposed [32] , [33] . One of the effective methods is the socalled ''modal filter''. It has been proved with strong robustness and free of observation spillover [32] . Moreover, it is divorced from control task, so any control laws can be combined with the modal filter technique. Therefore, it has been widely used in structure vibration suppression [15] , [34] . The details of the modal filter would not be introduced here, so that more focuses can be put in the formulation of the proposed controller.
In summary, the following measurements are used in the control synthesis: Euler angles and angular velocities of the base body, joint angles and speeds, and the modal information of flexible links (which is obtained by the modal filter and the distributed sensors). In the actual application, these measurements can not be obtained directly. For example, the attitude of the base body should be solved through the Kalman filter and the measurements of a set of sensors. The joint angles and speeds at the link-side can only be obtained by a nonlinear state observer without adding the sensing. However, these issues would not be covered here, though they deserve special attentions and significant efforts.
In the following formulation, the control forcesf j , (j = 0, 1, . . . , N ) are first designed by a recursive decentralized robust controller, then steering logic for calculating f j , f i j , (j = 0, 1, . . . , N , i = 1, . . . , m) are formulated.
A. CONTROLLER DESIGN
Using Eq. (27) as the prototype for controller design. The control can be chosen as
Substitute Eq. (29) into Eq. (27) , the error equation is obtained,
where x j is the generalized coordinate for B j , x d j is the desired value. The controller is developed to drive the error e j approach to zero. x j can be divided into two parts
T , the rigid motion x r j and the modal coordinates for the flexible vibration τ j . For the rigid motion, the desired motion can be a time-varying trajectory, whereas for the modal coordinates, the desired value is always zero. In this manner, the trajectory tracking and vibration suppression can be simultaneously achieved.
Equation (30) can be simplified as
wheref jt includes the uncertainties caused by the differences between the nominal model and the actual model. It is mainly caused by the parametric uncertainties, unmolded dynamics, and measurement errors. In fact, it is also straightforward to include the external disturbances in this term. Suppose an external force is exerted on B j , the equations of motion of B j can be written as (33) where f d j is the equivalent force for the external disturbance; H d j is the corresponding coefficient matrix, which has similar definition with H i j in Eq. (26) . Then, the formulation in Eqs. (29) to (32) still hold, whereasf jt is defined bȳ
In engineering practical, the motion of the flexible manipulator is always bounded when there is no kinematics singularities. Therefore, it can be assumed x j ,ẋ j , andẍ j are all bounded [35] . Meanwhile, the desired trajectories x d j and the effective inertia ν j0 are also bounded quantities. Moreover, the external disturbances on a practical mechanical system can also be supposed to be bounded [36] . Therefore, it can be assumed c(j) i=0ā 0 jië i +f jt in Eq. (32) is bounded in the following manner,
The vector norms are taken to be Euclidean and matrix norms are the induced ones.
Theorem 1: The following decentralized controller can drive the errors e j , j = 0, 1, . . . , N into an arbitrarily small set,f
where s j =ė j + j e j , j > 0. Proof: The stability of the proposed decentralized controller can be obtained following the similar formulations in [21] . The details are given in Appendix.
Remark 4:δ j is an estimation of the upper bound of δ = N max ji {δ ji } for body j. When the manipulator system is perfectly tracking the desired trajectory,δ j should reduce to zero.
Remark 5: −k j s j − jėj in Eq. (36) is essentially a feedback control in PD form used to stabilize the subsystem; w j is designed to compensate parameters uncertainties, modeling errors, and external disturbances, given by c(j) i=0ā 0 jië i +f jt . Remark 6: In Theorem 1, the robustness to external disturbance is guaranteed by w j and the adaptive termδ j . According to the proof in the Appendix, the tracking errors can be made arbitrarily small by selecting large λ min ( ) and α, where λ min ( ) is the minimum eigenvalue of diag[ 1 , . . . , N ]; α = min{k j }. Therefore, such a high tracking accuracy requires excessive large control input. Since actuators saturation is inevitable in practice, trade-off should be made between tracking performance and the actuator capability. The proper value of j and k j could be found by trial-anderror through the simulations. 
B. STEERING LOGIC DESIGN
The required control inputs arē
The relation betweenf j and the actuators is described by Eq. (28)
.f j can be divided into two parts, the rigid part, and the flexible part, hj is given by Eq. (8)
On the other hand, the distributed actuators can exert forces or torques on the structure. We take the torques as the example to illustrate how to design the steering logic. In fact, a lot of attention has been paid to the distributed torque control for flexible bodies. The feasible actuators is the angular momentum exchange devices [37] , [38] . The H i j in Eq. (28) can be simplified to
Substituting Eqs. (13), (41) and (42) into Eq. (28) yields 
where M With the above forward pass and the backward pass, the communications in Fig. 2 could be specified as the procedures in Fig. 4 .
Remark 7: Observing Fig. 4 , the control for each link is calculated recursively. It does not require handling some matrices with high dimensions, thus has less computational cost compared with the traditional centralized control. Therefore, the proposed control scheme would be suitable for real-time application. In this work, we only focus on the theoretical development of the control design, so the experimental study has not been conducted. We will leave this issue in future works. However, in order to validate the effectiveness of the proposed control, a simulation model with high fidelity is established based on the modeling method in [22] . So the following numerical simulations could be viewed as an effectiveness test of the proposed method. Meanwhile, the control performance would be compared with a centralized controller in [14] and a fully decentralized controller in [40] .
V. NUMERICAL SIMULATIONS
Consider the flexible space manipulator in Fig. 5 . The manipulator has 4 links, 2 of which are flexible. The mass and geometry parameters and are given in Tables 1 and 2 . For each flexible links, four normal modes are incorporated to describe the elastic vibration. The modal shapes are given in Fig. 6 . The spherical joint connecting the end effector and the flexible link is assumed to be locked in the simulation. So there are 11 DOFs related with the flexible manipulator,
where [θ 1 , θ 2 , θ 3 ] T ∈ R 3×1 are the joint angles for the three revolute joints, whereas τ 2 ∈ R 4×1 and τ 3 ∈ R 4×1 are the modal coordinates for link 2 and link 3, respectively. Joint motors are embedded in each revolute joint for actuation. Four torque actuators are also distributed on each flexible link. The locations of the torque actuators are selected to VOLUME 7, 2019 
, so that the distributed torques in Eq. (44) have solution. In most cases, these actuators could respond to a command with a wide frequency range. So it is reasonable to assume the bandwidth of the feedback control cover the frequency of the rigid motion and the natural frequency of the controlled modes of the flexible link.
The initial attitude error of the base body is [-6, -5, 4] deg. The joint angles for the flexible manipulator at initial configuration is [0, -60, -60, -30, 0, 0]deg. The initial modal coordinates and rates for the flexible links are assumed to be zero. The control task is to stabilize the attitude and maneuver the manipulator to [10, -80, -45, -30, 0 , 0]deg in 40s, while keeping the elastic vibration suppressed. It is assumed that there are 5% uncertainties in the geometry parameters and 10% uncertainties in the mass parameters, so the numerical simulations also serve as a robustness test to the parameter uncertainties of the proposed controller.
In order to avoid actively exciting vibrational modes and improving the tracking accuracy, it desired to make the trajectory continuous in positions, velocities, and accelerations at the start and finish points times. Therefore, a quantic polynomial trajectory is design in the numerical simulations. Figure 7 illustrates the desired motion of the attitude angles and the joint angles.
It should also be noted that, the resonance behavior of the manipulator in motion should be taken into consideration. The resonance behavior can be handled by certain vibration control technique, such as bandwidth modulation approach [41] . Otherwise, this issue could be handled in the trajectory planning. A trajectory with a much lower frequency than the fundamental frequency of the flexible link should be used. For example, the frequency of the desired velocity of the quantic polynomial trajectory is around 0.025Hz (with a periodic interval of 40s), whereas the fundamental frequency of the flexible link is 0.18Hz. The proposed recursive decentralized control in Eq. (39) is applied. The control gains are chosen as k j = 5000, j = 500, Figure 8 depicts the time histories of the base body's attitude motion. It shows that the attitude can be stabilized by the recursive decentralized control. The tracking errors of the joint motions, θ j andθ j , are in the order of 10 −3 deg and 10 −4 deg/s, respectively (Fig. 9) . Figure 10 shows that the modal coordinates for the flexible link, B 2 are effectively suppressed. The control forces for the system are shown in Figs. 11 and 12 . The estimation of the upper bound of 
c(j) i=0ā
0 jië i +f t ,δ j for the three moving links B 1 , B 2 , and B 3 reduce to zero as the manipulator moving (Fig. 13) . Therefore, it can be concluded that the flexible space manipulator is capable of tracking the desired trajectory while maintaining the base body stable and keeping the flexible links well damped, even though there are 10% parameter uncertainties.
Two more controllers are applied to the same task to demonstrate the features of the proposed control. The first is the singular perturbation control (SPC) [14] , which is a centralized controller. The second is a fully decentralized control (FDC) based on adaptive slide mode technique and the second-order extended state observer, described in [40] . Figures 14 and 15 give the tracking performances of the SPC, whereas the results of FDC are shown by Figs. 16 and 17. Table 3 respectively. The tracking accuracy is much improved compared with the FDC, whereas the computation cost is greatly reduced compared with the SPC. Therefore, it can be said that the proposed control strategy achieve a compromise between the tracking performance and the computation efficiency.
In the following, the robustness to the external disturbances of the proposed controller is demonstrated. Besides the parameter uncertainties in the above simulations, three identical periodic external disturbance torques are exerted at the revolute joints,
The time responses of the flexible manipulator are given in Fig. 18 . It shows that the results are similar to the previous simulation. The manipulator can track the desired trajectory with slight chattering due to the disturbance torques. The vibration of the manipulator is excited at the beginning, but is effectively suppressed with the recursive decentralized control. It can be concluded that the proposed method has an acceptable robust performance in the presence of external disturbances.
VI. CONCLUSIONS
A recursive decentralized control has been developed for the trajectory tracking and vibration suppression of flexible space manipulators. The manipulator is modeled by the recursive algorithm for multibody dynamics. The interactions between two adjacent bodies are explicitly expressed, so that the nominal part of the interactions can be computed and compensated to improve the tracking performance. A decentralized adaptive robust control is designed for the trajectory tracking, whereas a steering logic was also formulated to determine the torques for the joint motors and the distributed actuators on the flexible links. The proposed controller does not require calculating and solving for the central dynamics of the system, thus has higher computational efficiency than the centralized control. Besides, the control performance can be improved compared with the fully decentralized control (which ignores all the interactions), since the proposed control partly compensates the interactions between two adjacent bodies. A trajectory tracking task for a flexible manipulator has been performed numerically. The proposed recursive decentralized control, a singular perturbation control in centralized form, and a fully decentralized control are compared. It shows that, the proposed strategy can achieve relative high tracking performance and required rather less computational cost. Consequently, the recursive decentralized control would be applicable for real-time application and high-performance tracking. 
where λ min ( ) is the minimum eigenvalue of , β = 2 V (t 0 ) − ε α e −2α(t−t 0 ) − ė 2 + 2 ėe . Therefore, The tracking error e andδ γ would converge to an arbitrarily small region. However, large control forces are expected with large λ min ( ) and α. A tradeoff should be made between the tracking performance and the control effort. 
